
MTP -AERO - 62 - 74 
October 2, 1962 

G€ORGE 

UTILIZATION OF THE ACCESSORY MINIMUM 
PROBLEM I N  TRAJECTORY ANALYSIS 

BY 

Robert W .  Hunt 

I 
I OTS PRICE I 

XEROX 5 

MICROFILM $ 

- - -  - - - -  - I -  .I, - --- 
/ F O R  I N T E R N A L  USE ONLY 

I YSFC - Form 523 (Rev. November 1960) 



GEORGE C. MARSHALL SPACE FLIGHT CENTER 

MTP-AERO- 62-74 

UTILIZATION OF THE ACCESSORY MINIMUM 

PROBLEM I N  TRAJECTORY ANALYSIS 

by 
Robert W. Hunt 

ABSTRACT 

The accessory minimum problem is described as it occurs i n  the  
ana lys i s  of t he  "problem of Bolza" i n  the  ca lcu lus  o f  var ia t ions .  
commn t r a j e c t o r y  opt imizat ion problem is s t a t e d  i n  a form t o  which t h i s  
theory may be d i r e c t l y  applied. The s p e c i f i c  equations a r i s i n g  i n  that 
app l i ca t ion  a r e  wr i t t en  out ,  and a procedure f o r  numerically t e s t i n g  
t r a j e c t o r i e s  (which a t  least s a t i s f y  Bliss's m u l t i p l i e r  ru l e )  f o r  op t i -  
mal i ty  is out l ined.  
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SUMMARY 

The accessory minimum problem is descr ibed as it occurs in  t h e  
ana lys i s  of t he  "problem of  Bolza" i n  t h e  ca l cu lus  of  var ia t ions .  A 
comon t r a j e c t o r y  opt imizat ion problem is s t a t e d  i n  a form t o  which t h i s  
theory may be  d i r e c t l y  applied. The s p e c i f i c  equations a r i s i n g  i n  t h a t  
app l i ca t ion  a r e  wr i t t en  out ,  and a procedure fo r  numerically t e s t i n g  
t r a j e c t o r i e s  (which a t  least s a t i s f y  Bliss's m u l t i p l i e r  ru l e )  for  op t i -  
ma l i ty  is outlined. 

INTRODUCTION 

The general  quest ions t o  be considered he re  are concerned with the  
inves t iga t ion  of t he  Jacobi  necessary condi t ion appl ied  t o  t r a j e c t o r y  
opt imizat ion problems This  involves inves t iga t ion  of the  accessory 
minimum problem i n  general  and the de f in i t i on ,  charac te r iza t ion ,  and 
i d e n t i f i c a t i o n  of conjugate and foca l  points .  
f u l  area i n  which t o  work as the Jacobi  equat ions form a well-behaved 
system of  d i f f e r e n t i a l  equations which can b e  inves t iga t ed  both ana- 
l y t i c a l l y  and numerically. The Jacobi  necessary condi t ion y i e lds  a 
f u r t h e r  check on extrema1 arcs t o  those  given by the o the r  c l a s s i c a l  
necessary conditions.  I t  should a l s o  give f u r t h e r  i n s igh t  i n t o  the  
l a rge r  problem of s u f f i c i e n t  conditions. The general  o u t l i n e  of t h e  
inves t iga t ion  which follows i s  pa ra l l e l ed  by a s p e c i f i c ,  i l l u s t r a t i v e  
problem. 

This  seems t o  be a hope- 
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General Problem (Bolza) 

Find, in  a c l a s s  o f  piece-wise continuous a rcs ,  

XiSt) (i = 1, 2, . . . , n; to 2 t 5 tc) (1) 

s a t i s f y i n g  d i f f e r e n t i a l  equat ions and end condi t ions,  

@ (t, x ,  x )  = 0 (p = 1, 2, ..., m < n) ( 2) 0 

one which minimizes (3)  

Here, t h e  symbols x, x s tand  f o r  t h e  vec to r s  

In  parametric form, 

J = e(a) + f ( t ,  x, x )  dt ,  ( 5) 

to (a) 
f o r  t he  parameters (a) = (al, . . . , ar), 0 < y < - 2n + 2, near  (0) and 
admissible  curves which j o i n  t h e  end p o i n t s  t 
end conditions (3) are of t h e  form 

(a) and tc (a) where t h e  
0 

f o r  values  of (a) near ( 0 ) .  Furthermore, t h e  func t ions  i n  (6) are of  
class C2 and e (a) is any funct ion of class C2. 

4 



3 

DEFINITION OF PROBLEM 
S p e c i f i c  Problem 

Find, i n  a class of piece-wise continuous arcs ,  

(7) x (t) (i = 1, 2, ..., 5 ; to 2 t 2 tc) i 

s a t i s f y i n g  t h e  equations of motion, 

= o  . K x 3  
cos xg - 9, = XI - - F 

m 

z x2 - 5 s i n  x5 - 3 = o  
(G + m 

$3 f + - x1 = 0 

64 E x4 - x2 = 0,  

and t h e  end conditions,  

one which minimizes 
n t c  

(or J = t ). J = J  d t  C 

I n  t h i s  formulation, F, K, rc, ro, eo, and w are given constants.. 

The mass, m, is  of t h e  form m 

cons t r a in ing  equation, bu t  w i t h  no r e s u l t i n g  gain. The c o n t r o l  v a r i a b l e  
is x5, t h e  d i r e c t i o n  of thrust .  

+ & t; and k = h may be w r i t t e n  as a 
0 0 0 
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I n  t h e  parametric form, t h e  only changes t o  t h e  above formulation 
would be the  parameter izat ion of tc, say 

then 

tc = t, +a. 

tc + a  
(or  J = 0(a) = tc + a ) .  (12) J =  d t  

This spec i f i c  problem gives  i n i t i a l  values  f o r  t h e  pos i t i on  and 
v e l o c i t y  coordinates and s p e c i f i e s  t h e  pos i t i on  and v e l o c i t y  vec to r s  a t  
cu t -of f  t i m e ,  tc. 
p o s i t i o n  and ve loc i ty  vec to r s  be orthogonal a t  cut-off  t i m e .  The con- 
d i t i o n  q8 = 0, which may or  may not  be included, (as  ind ica ted  by 
parentheses) ,  s p e c i f i e s  a p o s i t i o n  angle  a t  tc which is t h e  constant  
@o i f  w = o or a0 + u tc  i f  w # 0. This condi t ion gives  t h e  problem a 
rendezvous formulation. F ina l ly ,  t h e  opt imizat ion considered h e r e  i s  
f o r  minimum cut-off t i m e ,  i. e., minimum f u e l  consumption. 

Furthermore, q7 = 0 is  t h e  condi t ion  t h a t  t h e  

DISCUSS ION 

According t o  the  m u l t i p l i e r  ru le ,  form 
4 

and ob ta in  the Euler-Lagrange equations.  For t h e  s p e c i f i c  problem, these  
a re  

e 

3K X= ~4 

1, = X, [g - +  r5 
3K xg 1 

1 4  = A, r5 +h2 [ - K  7 + 

+ A 2  r5 

3K x3 x4 

h ,  = 'A3 

h2 = '1, 
- 
r' - 
m : (X, s i n  x5 .- X, cos xs) = constant  

4 
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along with the  equations (81, where r = &: + ~ 5 ' ' ~ .  
Every minimizing arc E must s a t i s f y  these  equations, t h e  equations 

( 8 ) ,  t h e  end condi t ions (9), and the  t r a n s v e r s a l i t y  condition. The 
latter can be w r i t t e n  

[(F - s i  F; ) d t  + F- dxi] + %  a p =  0, (15) 
i x . i  = tc 

and must hold fo r  some set of constants 
d i f f e r e n t i a l s  dtc ,  dxic. 

and f o r  every choice of the 

In  t h e  parametric formulation, t he  t r a n s v e r s a l i t y  condi t ion  is  

+ de = 0. 
"i.l t = tc 

1(F - x i  F a  ) d t  + F; 
% i 

The t r a n s v e r s a l i t y  condition fo r  e i t h e r  form can be wr i t t en  out 
for the  s p e c i f i c  problem but w i l l  not be displayed here. 

Thus, a system of f i r s t  order d i f f e r e n t i a l  equations and a set o f  
boundary condi t ions are avai lable ,  but with some of the  boundary con- 
d i t i o n s  being a t  the  v a r i a b l e  end po in t  t = tc. 

of  Weierstrass, Legendre, and Clebsch could now be invest igated.  These 
w i l l  no t  be discussed here ,  however, s i n c e  t h i s  discussion is concerned 
only w i t h  the accessory problem and Jacobi  ' s  necessary condition. 

The necessary condi t ions 

Consider a one-parameter, admissible family of a r c s  

The set of v a r i a t i o n s  of  the  family along E is t h e  set El, E2, 
Ti(t )  defined by 

dto = toa  (0) da = da 

dt, = tca (0) da = E 2  da 

d r c i  = x.i d t  + 6x i  

8Xi xi a (t, 0) da = v i ( t )  da. 

In  the parametric case previously considered, t h i s  could be accom- 
p 1 ished by taking 

f o r  a s u i t a b l e  set o f  functions. 
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I f  t he  a rc s  of an admissible family a l l  s a t i s f y  t h e  equations 

then the -va r i a t ions  7 i ( t )  along t h e  a r c  E contained in  the  family f o r  
a = 0 s a t i s f y  

For the  s p e c i f i c  problem, then, 

2 

-7- 
01 = '11 + 7 3  [- r3 + 

03 = v 3  - 71 = 0 

04 = :* - 7 2  = 0 

i n  which the  xi a r e  the  funct ions x i ( t ,  0) belonging t o  E, t he  minimizing 
arc. 

I f  t he  end values of  t h e  a rc s  of an admissible  family s a t i s f y  the  
equations 

then the  va r i a t ions  of t h e  family along E s a t i s f y  
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+ x3c 7l("C) + x4c 12(tC) + x1c T)3(tC) + x2c 14(tC) = 0 

q!3 (tc) ) 
x4c 

w + x,c x4c - e c  %BC x3c + x42c E 2  +gc+x$c 

Tj*(tJ = 0 - x32c + XPC 

C8 =( x3c 

The f i r s t  four o f  t hese  can be s impl i f i ed  by tak ing .k l  = 0 s i n c e  to 
i s  assumed t o  be fixed. T h e s e  are the  accessory end condi t ions and 
must be s a t i s f i e d  along with the  accessory t r a n s v e r s a l i t y  condi t ions  
given a? i n  (19, the  integrand funct ion now being a quadra t ic  form 
2 w(7, 1) t o  be defined presently. 

Now consider the  accessory minimum problem. The second v a r i a t i o n  

t 0  ( 26) 
where 2 y is a quadra t ic  form in t h e  v a r i a t i o n s  a t  to and tc and 

where  t he  repeated sub-scr ip ts  a r e  summed over. I 
For the  parametric form, using (6) and (16) and def in ing  t h e  v a r i -  

a t ions  of x and ah, respect ively,  t o  be i 
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C 
a t  a t  

1 3 %  a %  

2 

C + (Ft - xi  Fx.) - a tc 
bhk = [(F - ki F;; ) -- 

i a % ' %  
- 

where 

a2 e 
+ 

Furthermore, t he  secondary end condi t ions 

a t c  a x  i c  

a ah 
Qtc) = c u = [- (0) - Xi(tC) 

h i h  h 

and the  secondary t r a n s v e r s a l i t y  condi t ions 

+ bhk uk = 0 

t = t-  

W' c 
'i ( 3  2)  

c; 

must 'be s a t i s f i e d ,  

For the  s p e c i f i c  problem, 

I 
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For a minimizing arc, J2 ( 5  ,$ 2 0. Thus, t h e  accessory minimum 
Find, i n  t h e  class of admissible  v a r i a t i o n s  El, problem is suggested. 

t2, q . ( t )  s a t i s f y i n g  t h e  equations (22) and(25) along E, one which 

minimizes J 2 ( E ,  7). 
In some cases, the  homogeneous quadra t ic  form which is n o t  under t h e  
i n t e g r a l  sign i n  (26) o r  (29) is p o s i t i v e  d e f i n i t e  and leads  t o  a 

cons ide ra t ion  of minimizing 

1 
This i s  equivalent i n  form t o  t h e  i n i t i a l  problem. 

2 w(t ,  q, ;)dt sub jec t  t o  a l l  t h e  ltC 
proper conditions.  

To proceed with t h e  accessory minimum problem, l e t  
4 
r-l 

.Ei D i  . 
i= 1 

Then the  Jacobi  equations f o r  t h e  s p e c i f i c  problem are 

( 3 4 )  

3 K x3 x4 

+ a ,  [+ f r 

a, = - 13 
.a* = - .E* 

F F - (hl cos ;L5 + l2 s i n  k5) + - ( a ,  s i n  is - a2 cos Xs) = constant ,  m m 
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toge ther  with t h e  equations (22). 
such a way t h a t  t h e  Jacobi  system is  non+ingular, as can be  seen by 
checking the determinant of t he  matr ix  (Fk These Jacobi  equations,  

along with the  equations (22 ) ,  give a l i nea r ,  homogeneous, f i r s t - o r d e r  
system of d i f f e r e n t i a l  equations,  a vec tor  so lu t ion  of which is  of t h e  
form 

This problem has been formulated i n  

K ). i j  

By standard methods, a fundamental set of vector  so lu t ions  can be 
def ined by specifying appropr ia te  i n i t i a l  condi t ions.  

Now, a conjugate poin t  (or  foca l  point)  t* can be  def ined i n  the  
c l a s s i c a l  way as a value of t such t h a t  t h e r e  e x i s t s  a n o n - t r i v i a l  vector  
so lu t ion  5 ( t )  of t he  Jacobi  equat ions s a t i s f y i n g  the  t r a n s v e r s a l i t y  
condi t ions and end condi t ions f o r  t = to and t = t*. 
i s  usua l ly  used in  the  f ixed  end poin t  case  (when t h e  t r a n s v e r s a l i t y  
and end condi t ions are t r i v i a l l y  s a t i s f i e d )  and t h e  word "focal" when 
one o r  both end poin ts  vary over a manifold. Several  cha rac t e r i za t ions  
o f  conjugate poin ts  o r  foca l  po in ts  i n  terms of c e r t a i n  determinants o r  
matrices a r e  then ava i lab le .  

The word "conjugate" 

The necessary condi t ion of Jacobi  s ta tes  t h a t  . i f  E a f fo rds  a weak 
minimum t o  J, no conjugate poin t  (or  foca l  point)  of  t = to on t h e  
open in t e rva l  (to, tc) can coincide with a poin t  a t  which the  Jacobi  
equat ions a re  non-singular. 

For the  s p e c i f i c  problem, the  i n t e r e s t  now l ies in  analyzing a 
t r a j e c t o r y  for  foca l  po in ts  t o  t = to. This can be done as follows, 
F i r s t ,  a t r a j e c t o r y  and cut-off  t i m e  tc is  obtained numerically by 
using t h e  E u l e r  equations, t he  boundary condi t ions given, and a r b i t r a r y  
va lues  fo r  boundary condi t ions no t  spec i f i ed  o r  va lues  previously 
a sce r t a ined  to  insure  t h a t  t h e  f i n a l  cut-off  condi t ions are s a t i s f i e d ,  
Then the  accessory problem and i t s  assoc ia ted  d i f f e r e n t i a l  equations 
and condi t ions can be inves t iga ted  numerically, taking advantage of t h e  
l i n e a r i t y  of t h e  Jacobi equations t o  ob ta in  a fundamental family of 
vec tor  solut ions.  Then, any of t h e  severa l  cha rac t e r i za t ions  ( 1, 2 )  
of  conjugate and foca l  po in t s  can be used t o  check t h e  Jacobi  condition. 

A number of  experimental t r a j e c t o r i e s  have been inves t iga t ed  with 
r e spec t  t o  the above concepts. 
been found to ex i s t ,  thus r u l i n g  out  t h e  a s soc ia t ed  t r a j e c t o r y  as an 
optimum t ra jec tory .  I n  o the r  cases,  t r a j e c t o r i e s  f r e e  of conjugate po in t s  
have been obtained and thus r e t a ined  as poss ib l e  choices fo r  t h e  optimal 
t r a j e c t o r y  corresponding t o  given conditions.  The non-existence of  
conjugate points  i s  s t i l l  only a necessary,  no t  a s u f f i c i e n t ,  condi t ion 
f o r  t h e  minimizing arc. However, c e r t a i n  combinat ions of  necessary 

I n  t h i s  manner, conjugate poin ts  have 
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condi t ions,  J acob i ' s  among them, do y i e l d  s u f f i c i e n t  Conditions. This 
area i s  s t i l l  open t o  much inves t iga t ion  and, i n  f a c t ,  provided some of 
t h e  motivation f o r  t he  present  considerat ion of J acob i ' s  condition. 

The procedure fo r  searching f o r  conjugate o r  foca l  p o i n t s  is s t i l l  
long and d i f f i c u l t .  Hopefully, an i t e r a t i v e  procedure can be worked 
ou t  t o  check t r a j e c t o r i e s  quickly and e a s i l y  f o r  such points .  Future  
e f f o r t s  i n  t h i s  research are t o  be d i r ec t ed  toward t h i s  end as w e l l  as 
toward some information on suff ic iency.  Also, another c lose ly  a l l i e d  
a r e a  p re sen t ly  being invest igated is concerned with t h e  c h a r a c t e r i s t i c  
roo t s  of  t h e  c h a r a c t e r i s t i c  form o f  t h e  accessory boundary problem. 
This w i l l  be discussed i n  a l a t e r  repor t .  
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